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MODERATELY LARGE DEFLECTION OF
ASYMMETRICALLY LAYERED ELASTIC PLATE*

L. M, HABIP

University of Florida, Gainesville, Florida

Abstract-A parametric expansion technique is used for extracting systems of two-dimensional equations
governing the moderately large deflection of an elastic asymmetrically layered transversely isotropic plate from
a three-dimensional partially nonlinear theory of elasticity in terms of a reference state or the Lagrangian des­
cription. The equations of the latter theory are first expressed in dimensionless form for each thin layer by means
of a suitable scaling of the stresses and displacements involving the expansion parameter. Successive systems
of differential equations are then obtained by equating corresponding powers of the latter after all the variables
are expanded parametrically. The first such system yields a first-approximation von Karman-type nonlinear
layered plate theory when all continuity conditions at the bonding interface between layers are taken into account.
For a plate made of two dissimilar layers, the corresponding differential equations in terms of the displacements
defined at the middle plane of one of the layers are presented. Systematic higher-order approximations can be
obtained from the next systems of equations. The first such system would exhibit the effects of transverse shear
and normal stresses on the deformation.
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symmetric strain tensor
displacement vector
symmetric stress tensor measured per unit area of the undeformed body
prescribed components of the stress vector per unit area of the undeformed body when referred to base
vectors in the undeformed body
unit normal to the undeformed position of a surface in the deformed body
Young's moduli
Poisson's ratios
shear modulus
uniform thickness of lower plating
dimensionless system of Cartesian coordinates for lower plating

dimensionless stress components
dimensionless displacement components
quantities referring to the upper plating

INTRODUCTION

IN recent years, as a result of an increasing volume of research devoted to the mechanics
of nonconventional thin structural elements intended for various spacecraft applications,
several contributions have appeared in the field of multilayered structures [1]. It appears

*The results presented in this paper were obtained in the course of research supported by the Graduate
School of the University of Florida through the grant ofa 1965 Summer Research Appointment.
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that most existing theories of such composite elements have been obtained from sets of
a priori estimates concerning the distribution of displacements and at least of some of the
stresses and/or strains through the thickness, depending on the method of derivation
employed, in close parallel to similar studies of conventional structures. When the govern­
ing two-dimensional equations are deduced from the leading terms of suitable parametric
expansions of solutions of three-dimensional elasticity theory, however, the essence of
the matter becomes the adoption of a proper scaling of the variables involved. The use of
such considerations in the derivation of successive systems of differential equations
governing the moderately large deflection of a homogeneous elastic plate has lately been
illustrated by Ebcioglu and the author [2J through parametric expansion of the interior
solution of a partially nonlinear theory of elasticity. In what follows, the same will be
applied to the moderately large deflection of an asymmetrically layered transversely
isotropic plate. A linear bending theory of isotropic sandwich plates based upon a similar
viewpoint is due to Gerard [31.

FUNDAMENTAL EQUAnONS

The three-dimensional equations of equilibrium, in the absence of body forces, and
boundary conditions corresponding to the following partially nonlinear strain-displace­
ment relations

are [2j

and

Yap = 1{va.P + vp•a+V3,aV3,P)'

1
Ya3 = t(Va,3 +V3,a), (1)

Y33 = V3,3'

Sap,p+Sa3.3 = 0, }(2)
(S~3 + SapV3.P),a + S33.3 = 0,

s*a = saponp + Sa30 n 3' } (3)
S*3 = (Sa3 + SapV3,p)On~ +S330n 3,

respectively. These relations are written in a Cartesian system of convected coordinates,
Xi> using indicial notation and the Lagrangian description [4]. Latin indices take the values
1, 2, 3, and Greek indices take the values 1, 2; repeated indices denote summation over
their respective ranges. A comma means partial differentiation with respect to the indicated
coordinate.

The use of general nonlinear strain-displacement relations in the formulation of a theory
of elastic plates in terms of a reference state or the Lagrangian description have previously
been illustrated by the author [5], for the case when the displacement components can
be taken to vary linearly through the thickness. The significance of equations (1) lies in the
fact that they allow the explicit integration, with respect to the dimensionless thickness
coordinate, of the differential equations governing a first-approximation nonlinear theory
corresponding to the scaling of stresses and displacements adopted in the next section for
a thin plate.
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For a transversely isotropic elastic body the nonlinear stress-displacement relations
are

Sll-VS22-V3S33 = E[V 1.1+t(v3,d2 j,

S22 - VS ll - V3S33 = E[V2.2 +t(V3,2)2],

2(1+v)S12 = E(V1,2+V2,l +V3,lV3.2)'

S13 = G(v1,3 +V3.1),

S23 = G(V2.3 +V3,2),

(4)

SCALING

When referring to an asymmetrically layered plate composed of two layers, hereafter
called platings, of different thicknesses and materials, the original set of coordinates will
be identified in turn with a set of right-handed Cartesian coordinates, Xi and x;, such that
X3 = °and x~ = °represent respectively the middle planes of the lower and upper platings.
The latter then occupy the regions bounded by the two faces,

X3 = -H/2,
and

X~ = -H'/2, X~ = H'/2,

respectively, and a cylindrical surface having generators normal to the middle planes.
Introduce, for the lower plating, the dimensionless coordinates

~ = xdL, (5)

where L is a characteristic length along the circumference of the cylindrical surface such
that the order of magnitude of H is small compared to L. Let

A = H/2L (6)

be the corresponding small expansion parameter.
For the thin lower plating, the stresses can then be scaled as

} (7)

where 0"0 is a reference stress, and the displacements can be scaled as

EV 1 = O"ouL, EV2 = O"ovL, EV3 = O"oA -lwL. (8)

(9)

}

Using equations (5H8), the three-dimensional nonlinear equilibrium equations become

sx.~ + t.~ + tx,' = 0,
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Assuming for simplicity the lower face of the lower plating to be free of stress, from
equation (3) and equations (5H8), the face stress boundary conditions for the lower plating
are

(= -I:

( = 1: S = S,
} (10)

where T", ~" and S are respectively the dimensionless transverse shear and normal stresses
acting on the lower plating at the bonding interface between the two layers.

Finally, using equations (5H8), the three-dimensional nonlinear stress-displacement
relations lead to

S - "5 _" 1 2 S = '/ +_(J
0 (w ,)2

. x ')' '3",. ..' 2E),2 .- '

(11)

Similarly, for the upper plating, let

~'= x'IIL, r( = x~/L, (' = 2X3/H' (12)

be new dimensionless coordinates such that the order of magnitude of H' is small compared
to L, and

A' = H'/2L (13)

be the corresponding small expansion parameter.
For the thin upper plating the stresses S;j can then be scaled as in equation (7), replacing

all quantities by their primed counterparts, and similarly for the displacements v; in
equation (8). Equations (9) and (11) hold for the primed quantities also. However, assuming
for simplicity the upper face of the upper plating to be free of stress, the face stress boundary
conditions for the upper plating now read

t~ = t;. = s' = 0,(' = 1:

(' = -1: t~ = T", t;, = ~" s' = S,
} (14)

when the conditions of the continuity oftransverse shear and normal stresses at the bonding
interface between the two layers are used.
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All stresses, including the transverse shear and normal stress components at the bonding
interface, and displacements are now expanded in powers of A,z for the lower plating.

... ,

Sx = )h~2)+ A4S~4) + ... ,
S = A2S(2)+,{4S<4) + ... ,

Tx = A2T~2)+A4T~4)+ ... ,

W = A2W(2) +A4W(4) + ... , } (15)

where S~2), S~4), etc., are regular functions of the independent variables except A2, since
~, rr, , have a range independent of A2 by definition. A similar set of relations can be written
for the primed variables of the upper plating in terms of powers of X2

•

Substituting equation (15) into equations (9Hll) and equating corresponding powers
of A2 successive systems of differential equations can be obtained for the lower plating.
From the coefficients of ,{2 a first-approximation nonlinear theory follows in the manner
previously described [2], except that now the stress boundary conditions at the bonding
interface must also be taken into account. The results can be summarized as follows.

W(2) = w\f)(~, rr),

}u<2) = Ub2)(~, rr)-,wb2~~, (16)

V(2) = P<2)(~ rr) _ 'W(2)0, O.~,

1;2) = (1-V2)-I{U<2) +VV(2) + 0'0[(W(2»)2+v(W(2»)2]_'(W(2) +VW(2) )}
x O.~ O.~ 2E O.~ O.~ O.~~ O.~~,

s(,2) = (1-V2)-I{V(2) +Vu<2) + 0'0 [(W(2»)2 +v(W(2»)2]_'(W(2) +VW(2»)} (17)) o.~ o.~ 2E O.~ o.~ o.~~ o.~~,

t(2) = 1{1 + V)-1 (U<2) + P<2) + 0'0 W(2) W(2) _ 2'W(2) )2 O.~ O.~ E O.~ O.~ O.~~ ,

t~2) = 1{1 + OT~2) -1{1- v2)- 1(1- ,2)(V2Wb2»).~,

t~2) = 1{1 + Or</) -1{1- V2)-I(I_ C)(V2w\f»).~,

S<2) = 1{1 + ,) {S<2) +1{1- O(T~~~+ ~~)} +iW - '2)(1_ V2)-IV2V2Wb2)

_ (1- '2) 0'0 (1- V2)-1 {(V2W(2»)2 + W(2)(V2W(2» (18)
2E 0 o.~ o.~

+W(2)(V2W(2») -2(I-v)[w(2) W(2) _(W(2) )2]}
o.~ O.~ o.~~ o.~~ o.~~ ,

V2( ) = ( ).~~+( ).~~,

u<2) +1{1- V)u<2) +1{1 + V)V(2) = -1(1- V2)~2)_ 0'0 {(1- V)W(2)V 2W(2)

1
O.~~ 2 O.~~ 2 O.~~ 2 x 2E O.~ 0

+1(I+v)[(w(2»)2+(w(2»)2] }2 O.~ O.~.~ ,
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(19)

The equilibrium equations of the first-approximation nonlinear theory can also be
expressed in terms of the corresponding dimensionless stress and couple resultants. For the
lower plating, these are

N(2) + N(2) + T(2) = 0x,s ." x ,

N(~) + N(2) + T(2) = 0.... Y." } ,

Q(2) +Q(2) + (JO[(N(2)W(2) + N(2)W(2» + (N(2)W(2) + N(2)W(2» J+S(2) = 0
x.~ Y.~ E x o.~ O.~ .~ o.~ y o. ~ ,~ '(20)

M2! +M2) _ Q(2) + T(2) = 0
x.~ .tf x x ,

M2) +M2) _ Q(2) + T(2) = 0
,~ }'.~ y y ,

where

N(2) =J 1 S(2) d( =2(1- V2 )-1{U<2) + Vv<2) + (Jo [(W(2»)2 + V(W(2) )2]}
x x O,~ o.~ 2E o.~ O.~,

-1

N(2) =J1 S(2) d r = 2(1 _ v 2 )- I{V(2) + VU(2) + (Jo [(W(2»2 + V(W(2) )2J}y y'" o,~ O.~ 2E O.~ o,~,

-1

Q (2) =J 1 t(2) dr =T(2) -1.(1- V2 )-1(V2W(2»
x x'" x 3 0 ,~,

-I

Q~,2) =J 1 t~2) d( =T~.z) -j-(1- V2)-1(V2wb2».~,
-1

M2) =J 1 s(2)r d r =-1.Jl- V2 )-1(W(2) + VW(2) )x x"'''' 3\ o.~~ o.~~ ,
-1

(21 )
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Relations similar to equations (16HI9) can be obtained for the upper plating from the
coefficients of ).'2 in the corresponding parametric expansion or, simply, by replacing all
quantities in equations (16HI9) by their primed counterparts, and 1;." Ty, and S in equa­
tions (18) and (19) by - Tx ' - Ty , and -8, respectively. Analogous remarks hold for
equations (20) and (21).

From the conditions of continuity of displacements at the bonding interface, and using
the transformation

~' = ~, r( = IJ (22)

in equation (16) and its counterpart for the upper plating, it follows that

wri 2
) = Wb2

), } (23)

U'(2) - U(2) 2W(2) V'(2) - V(2) 2W(2)o - 0 - o,~, 0 - 0 - o.~·

Substituting equations (22) and (23) into the counterpart of equation (19) for the upper
plating, and eliminating Tx , Ty, and 8 between the resulting set of equations and equation
(19), the following system of three differential equations in terms of the three unknowns
Ub2 ), #), and Wb2

) are obtained.

1
ub~h + 1+ IXctO + {3)(1- v)u~~~ +!(l + 1X/{3)(1 + vM~~~]

a
= 2E(1o+Ct) {(I + {3l5)(1 - v)wl?~V2Wb2) +!(1 + 1Xl5/{3)(1 + v)

. [(W(2»2 +(W(2»2J }+~(V2W(2»
0,; o,~.~ 1+IX 0 .;,

1
V(2) +--[!(I+{3)(I-v)v(2) +ul+IX/{3)(I+v)u(2)]
o,~~ 1+ IX 2 O.~~ 2\ O,;~

ao {(I+{3l5)(I-v)w~~V2Wb2)+!(I+IXl5/{3)(1 + v)
2E(l + IX) ,

. [(W(2»2+(W(2»2] }+~(V2W(2»
o.~ o,~,~ 1 +IX 0 ,~,

V2V2W(2) = 3ao «I +1Xl5)(W(2) u<2) +W(2) v(2»+(1 + 1X&')V(W(2) V(2) + W(2) u<2»o E(l +Ct) o,;~ o,~ o,~~ o,~ o,~~ o.~ o,~~ o.~

ao+_{(I + 1Xl52) [W(2) (W(2»2 + W(2) (W(2»2 + 2W(2) W(2)W(2)]
2E o.;~ 0,; o,~~ o.~ o.~~ o.~ o.~

+ (1 + 1Xl52e)v[w(2) (W(2»2 + W(2) (W(2) )2]}
o,~~ o.~ o.~~ o.~

+(1 +{3l5)(I-v)wF) (U(2) +V(2»-41Xl5[(W(2) )2
O.~~ O.~ O,~ O.~~

+ (W(2) f +evw(2) W(2) +~(l- V)(W(2) )2])
O,~~ O.~~ O.~~ IX O,~~,

(24)
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v

Equations (24) constitute the differential equations of a von Karman-type first-approxima­
tion nonlinear theory for a thin composite elastic plate, made of two dissimilar and trans­
versely isotropic layers, in terms of the displacement components defined at the middle
plane of the lower plating. The corresponding equations for the classical case of a homo­
geneous thin elastic plate undergoing moderately large deflection are given, for instance,
by Chien and Yeh r6], in terms of the displacement components defined at the middle plane
of the plate.

A special case of interest is when e = 1, so that IX = 1 and {3 = 1 also, with J 'f~ 1. The
various coefficients in equations (24) then simplify considerably for a layered plate made of
two platings having nearly equal Poisson's ratios but being otherwise dissimilar.

CLOSURE

A first-approximation theory governing the moderately large deflection of an asym­
metrically layered transversely isotropic plate has been obtained from a three-dimensional
partially nonlinear theory of elasticity using the Lagrangian description and a parametric
expansion of the interior solution. A higher-order approximation can be obtained from
the next system of equations corresponding to the coefficients of ,l,4 and X4 in that expan­
sion. These equations would then introduce the effects of transverse shear and normal
stresses in the form of terms containing E3, V3 and E3, V3' As already noted elsewhere [2]
for the case of a homogeneous plate, the limiting case of small deflection of a layered plate
can also be obtained from the first-approximation theory given here by formally setting
the ratio (To/E equal to zero. In fact, a further study [7] of elastic plate theory has revealed
that (To/E, when taken as a small parameter, (T, may be used to extract various successive
approximations, depending on the relative magnitudes of the two parameters ,l,2 and (1,

from the general nonlinear theory of elasticity in the reference state.
The present investigation can be complemented by suitable edge boundary conditions

as done, for instance, by Reissner [8] for the linear theory of homogeneous plates. The
complete set of successive systems of two-dimensional equations would then be solvable
by standard methods.

An idea of some of the limitations of our formulation can be gained from a recent
evaluation of similar methods of approximation extensively used in the study of liquid
surface waves [91.
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Resume--Une technique parametrique de developpement est employee pour extraire des systemes d'equations
a deux dimensions regissant la deformation legerement accentuee d'une plaque elastique transversalement
isotropique et a couches asymetriques, d'une tMorie d'elasticite a trois dimensions, en partie non-lineaire en
fonction d'un etat de reference ou de la description de Lagrange. Les equations de cette demiere tMorie sont
d'abord exprimees sous forme sans dimension pour chaque couche mince au moyen d'une graduation adequate
des efforts et deplacements contenant Ie parametre de developpement. Des systemes successifs d'equations
differentielles sont alors obtenus en mettant sous forme d'equations des puissances correspondantes de ce demier
apres avoir developpe toutes les variables parametriquement. Le premier de ces systemes produit une theorie
de premiere approximation, type von Karman, non-lineaire, d'une plaque en couches lorsque toutes les conditions
de continuite au contact des faces internes de liaison entre les diverses couches sont prises en consideration.
Pour une plaque faite de deux couches non similaires sont presentees les equations differentielles en termes des
deplacements definis au plan median d'une des couches. Des approximations systematiques de plus grand ordre
peuvent etre obtenues des systemes suivants d'equations. Le premier de tels systemes montrerait les effets d'un
cisaillement transversal et les fatigues normales sur la deformation.

Zusammenfassung-Eine parametrische Entwicklungstechnik wird angewendet urn zweidimensionale Gleichun­
gen flir die Durchbiegung isotropischer Platten von der teilweise nichtlinearen dreidimensionalen Elastizitats­
theorie zu erhalten die als Lagrange Beschreibung dargestellt werden kann. Die Gleichungen dieser Theorie
werden vorerst flir jede dtinne Schicht dimensionslos ausgedrtickt indem die Spannungen und Bewegungen
reduziert werden. Stufenweise werden dann Differenzialgleichungen erhalten indem man entspechende Krafte
gleichsetzt nachdem aile Variabeln parametrisch entwickelt wurden. Das erste System dieser Art gibt eine Anna­
herung einer Karman artigen Lineartheorie wenn aile Grenzbedingungen berticksichtigt werden. 1m Faile einer
Platte aus zwei verschiedenen Schichten wird die Differenzialgleichung flir die Mittelebene einer Schicht
gegeben. Systematische Annaherungswerte hoherer Ordnung konnen aus der nachsten Gleichungssystemen
erhalten werden. Das erste dieser Systeme zeigt die Resultate normaler Spannung und transversaler Scherung
auf die Durchbiegung.

AficTpaKT-TIpHMeHJleTCH TeXHHKa napaMeTpH'IecKoro pacIllHpeHIDI AJIlI CHCTeM H3BJIe'leHHH AByMepHhIx
ypaBHeHHH, ynpaBJIHIOIUHX yMepeHHo 60JIbIllHM OTKJIOHeHHeM 3JIaCTH'IHOA aCCHMeTpH'IecKH npOCJIoeHHoA
nonepe'lHO H30TponHolf nrraCTHHbI H3 TpHMepHoA, '1aCTH'IHO HeJIHHeAHoli TeopHH 3JIaCTH'IHOCTH BTepMHHax
CCbIJIO'lHOrO nOJIOlKeHHII HJIH JIarpaHlKeBoA p,ecKpHOUHH. YpaBHeHHII nocJIep,HeA TeOpHH CHa'laJIa
BblpalKeHbI B 6e3pa3MepHoA cPopMe Mil KalKp,oro TOHKoro CJIOII nocpep,cTBOM nop,xop,IIIUero nepeC'IeTa
HanplIlKeHHA H cMeIUeHHA, BKJIIO'IaIOIUHX napaMeTp pacIllHpeHHH. TIOCJIeP,OBaTeJIbHble CHCTeMbl p,HcPcPepe­
HUHaJIbHbIX ypaBHeHHA nOJIY'laIOTclI 3aTeM COCTaBJIeHHeM ypaBHeHHH COOTBeTCTBylOIUHX CM nOCJIep,HHX,
nOCJIe Toro, KaK Bee nepeMeHHble pacIllHpeHbl napaMeTpH'IecKH. TIepBalI TaKalI CHCTeMa nOMaeTclI nepBoMy
npH6JIHlKeHHlO THna $oH KapMaH (von KArman) TeopHH HeJIHHeAHO npOCJIoeHHolf nrracTHHbI, Korp,a
npHHIITbI BO BHHMaHHe Bee YCJIOBtHI HenpepbIBHocTH y CBH3H nOBepXHOCTH pa3p,erra MelKAY CJIOHMH. .D:JIH
nJIaCTHHbI, Cp,eJIaHHOli H3 p,ByX Heop,Hopop,HbIX CJIoeB npep,cTaBJIeHbI COOTBeTCTBylOIUHe P,HcPcPepeHUHaJIbHble
ypaBHeHHH B TepMHHax nepeMeIUeHHli, onpep,eJIeHHbIX B cpep,Heli nrrOCKOCTH op,Horo H3 CJIoeB. CHcTeMaT­
H'IecKHe npH6JIHlKeHHlI BbIcwero noplIp,Ka MoryT 6bITb nOJIy'leHbI H3 nOCJIep,YIOIUHx CHCTeM ypaBHeHHli.
TIepBaII TaKalI CHCTeMa BbIlIBHJIa 6bl 3cPcPeKTbI nonepe'lHOrO C,lI,BHra H HOPMaJIbHbIX HanpHlKeHli Ha P,ecPop­
MaUHIO.


